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Abstract In this paper we use the results of a K-matrix
method calculation to evaluate the ionization spectrum of He
between the N = 4 and 6 parent ion thresholds. Partial dipole
asymmetry parameters βN below N = 6 threshold have been
computed for the first time and compared to the available
preliminary experimental findings by Jiang and Püttner
[http://www.diss.fu-berlin.de/2006/269].

1 Introduction

Since the pioneering experiments of Madden and Coddling
[1] and the theoretical study of Cooper et al. [2] the com-
plexity of the ionization spectrum of He has continuously
attracted the attention of experimentalists and theoreticians
prompting several advances in theory and experiments.

Nowadays, thanks to the improvements in the experimen-
tal equipments and computational methods and capabilities,
the experimental knowledge and the theoretical understand-
ing of He spectrum has increased hugely. The experimental
data cover an energy range up to the N = 9 threshold [3,4]
with a resolution reaching in some case a few meV while the-
ory, through a variety of approaches, is able to account with
satisfactory accuracy for most of the available data [5,6].

The theoretical literature reports various attempts to label
the doubly excited autoionizing states, which dominate
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the spectrum, by additional “almost conserved” quantum
numbers.

Three major classification schemes are commonly in use:
parabolic [N1 N2m]A

n , molecular (nλ, nµ,m)n , and Herrick’s

N (K , T )A′
n . In the present paper the parabolic notation will be

used throughout. Herrick’s classification scheme N (K , T )A′
n

is almost a shorthand notation for the parabolic scheme with
N = N1 + N2 + |m| + 1, K = N2 − N1 and T = |m|.
A′ = ±1, 0 specifies the series invariant antinodal/nodal/non
nodal character of the adiabatic hyperspherical wavefunction
at r1 = r2. When A′ �= 0 then A′ = A (see [7] and references
therein for further details).

The classification schemes cited thus far account quite
accurately for spectrum details in the lower energy region but
progressively loose validity at higher energies because of an
increasing number of intruder states which act as perturbers
on regular multiplet resonant series. This type of occurrences
becomes more and more pronounced at higher energies and,
as studied by Püttner et al. [8], the N N S of the doubly excited
states, obtained experimentally and theoretically, reveals a
clear transition toward quantum chaos.

In a previous paper [9] we employed the reaction K-matrix
implemented using L2 elementary basis functions (B-splines,
for radial dependence, times spherical harmonics) to accu-
rately study the energy region between the N = 3 and 4
thresholds analyzing in great detail the effect of the first 1Po

intruder state, [031]+5 , upon the resonance series.
In this paper the energy region below N = 5 and 6 thresh-

olds is studied by the same approach, obtaining positions and
width of resonances, total cross section, partial cross sections
σN and dipole asymmetry parameters βN . The positive com-
parison with all the most accurate experimental and theoret-
ical data available below N = 5, and with total and partial
cross section data below N = 6, confirm the reliability of
the method. Asymmetry parameters βN below N = 6 are, as
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far as we know, reported for the first time and are compared
to the available preliminary experimental data of Jiang [10].

2 Method

The L2-K matrix method has already been applied success-
fully to several problems in atomic and molecular phys-
ics [11–17]. Since this method, as implemented here, was
described in a previous publication [9] here only a very brief
summary will be given.

The stationary wave function φP
αE in the continuum is

expressed, as in the Close Coupling approach, as a linear
combination of partial-wave channels (PWCs) φβE plus
localized functions φ j collected in a set labeled localized
channel (LC).

Greek indices collect all the quantum numbers, besides
energy, needed to fully characterize a state. For each channel,
the PWC functions are expressed as antisymmetrized prod-
ucts of an assigned ion target state times very diffuse orbitals,
while the LC basis comprises antisymmetrized products of
localized orbitals. These last orbitals are also used to build
the target states.

Each PWC basis, as well as the LC basis are transformed
in order to give, separately, diagonal representation of the
Hamiltonian. Thus the stationary wave function in the contin-
uum, employing the usual definition of the off shell reaction
scattering matrix K, may be expressed as

ψP
αE = φαE +

∑

γ

∑∫
dεφγ ε

P
E − ε

Kγ ε,αE (1)

where the index α indicates an open channel at the energy E
while the index γ runs upon all available channels (open and
closed) including the LC.

With the requirement 〈φβε |E − H |ψP
αE 〉 = 0 ∀β, ε the

following “off-shell” K matrix determining equation is
obtained

KβE ′,αE −
∑

γ �=β

∑∫
dε〈φβE ′ |H − E |φγε〉 P

E − ε
Kγ ε,αE =

〈φβE ′ |H − E |φαE 〉 (2)

In our method PWC basis functions are projected on an L2

basis. As a consequence Eq. (2) is reduced to a finite set of
discrete energy grids yielded by the diagonalization of each
PWC channel. It is therefore essential that energy grids are
thick enough to allow for a reliable interpolation of matrix
elements at arbitrary energies.

To achieve satisfactory results the elementary basis func-
tions must satisfy three main requirements:

(i) to be able to describe the localized ionic target states
and the localized electronic distribution in order to

account for the short range correlation between the
target electrons and the photo-electron,

(ii) to mimic the behavior of the photo-electron wave in a
large extension of space where non monopolar inter-
action terms may still be influent,

(iii) to account adequately for the Rydberg series asso-
ciated to the several states of the target taken into
account.

The elementary basis functions employed in the present
paper are radial-dependent B-splines times spherical har-
monics. The above requisites are accomplished by using three
different sets of B-splines: the first one for the localized basis,
uses knots up to � 70 au, whose spacing increases exponen-
tially with r with a further thickening close to the nucleus;
the second one coincide with the first one for r ≤ 1.5 au and
is augmented by a series of equally spaced knots up to a few
hundreds au; the third one comprises the second one plus a
series of more spaced knots up to a few thousands au. The
first set is actually a subset of the second. Because of the way
B-splines are defined, the corresponding function spaces are
both exact subspaces of that defined on the most large grid.

To avoid redundancy problems which arise in a two elec-
tron space builded as direct sum of PWC plus LC channels
some care is required. As detailed at length in [9] it is possible
to rearrange the basis in order to eliminate the redundancies.

At each energy, with n open channels, n linearly indepen-
dent coupled-channel functions ψP

αE are obtained. Ordinary
scattering solutions ψ±

E = (ψ±
1E , . . . , ψ

±
nE ) are obtained

through the transformation

ψ±
E = ψP

E [1 ± iπK(E)]−1, 〈ψ±
E |ψ±

E ′ 〉 = δ(E − E ′) 1.

where Kα,β(E) ≡ KαE,βE is the on-shell reactance matrix.
The scattering matrix is then

〈ψ−
E ′ |ψ+

E 〉 = δ(E − E ′)S(E), S(E) = 1 − iπK(E)
1 + iπK(E)

. (3)

The resonances are searched as poles of the scattering
matrix S(E) in the lower complex energy half plane. The
problem can be reduced to the search of poles of the S(E)
determinant:

det S(E) = exp

⎧
⎨

⎩2i
open∑

j

ϕ j (E)

⎫
⎬

⎭

where the eigenphases ϕ j (E) are related to the real eigen-
values λ j (E) of K(E) matrix through
ϕ j (E) = − arctan[πλ j (E)].

The determinant is unimodular on the real axis and clearly
have the same poles of S(E) which consequently appear as
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well known Breit–Wigner phase factors:

e2iϕ j (E) = E − E j − i� j/2

E − E j + i� j/2
,

ϕ j = − arctan

[
� j

2(E − E j )

]

where E j and � j are respectively energy and width of the
j-th resonance.

For a not too large energy interval comprising Nres reso-
nances, det S(E)may be written as product of a smooth back-
ground phase factor and Nres resonance phase factors. Thus,
to find resonance positions, the sum of the eigenphases ϕ j are
fitted with a linear combination of arcotangent “step” func-
tions plus a smooth polynomial background. This procedure
has to be applied separately for each group of resonances.
The fitting energy interval has to be small enough to reduce
large variations of background phaseshift and must contain
a limited number of resonances otherwise the minimization
fitting procedure fails.

Figure 1 illustrates the fitting procedure. Total phaseshift,
divided by π , around an isolated doubly excited states mul-
tiplet in 1Po symmetry below N = 5 threshold is reported as
a function of energy together with its derivative (scaled to fit
in the plot), which represents the density of states.

The fitting function (nine resonance terms plus a poly-
nomial background of fourth degree) is superposed to the
phase shift as a thicker line. Resonance parameters which
result from the fitting procedures are reported in Table 1.
The outer principal quantum number n of resonance classi-
fication is chosen to match with the convention of Rost et al.
reference [7].

The multiplet series perturbed by intruder states eventu-
ally stabilizes in a periodic pattern (that is the derivative of
total phaseshift with respect to the effective quantum number
n∗ ≡ [2(Ethr − E)]−1/2 converges to a periodic function of
n∗), at least in electrostatic approximation where radiative
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Fig. 1 Total phaseshift and state density for an isolated multiplet below
N = 5 threshold

Table 1 Parameters of resonances in Fig. 1

[N1 N2m]A E (au) �/2 (au)

[031]+14 −0. 084 080 6.79[−5]

−0. 084 092 6.29[−5]a

[121]+13 −0. 083 935 4.19[−5]

−0.083 966 5.68[−5]a

[211]+12 −0. 083 729 5.76[−5]

−0. 083 737 5.97[−5]a

[301]+10 −0. 084 087 2.38[−5]

−0. 084 103 2.48[−5]a

[040]−14 −0. 083 682 2.76[−6]

−0. 083 678 2.87[−6]a

[130]−13 −0. 083 918 7.79[−6]

−0. 083 919 7.60[−6]a

[220]−12 −0. 084 073 4.76[−6]

−0. 084 079 5.84[−6]a

[310]−11 −0.084 160 6.37[−6]

−0. 084 169 5.77[−6]a

[400]−10 −0. 083 805 3.77[−7]

−0. 083 820 3.21[−7]a

a Rost et al. (1997) [7]

decay and relativistic effects are ignored and all resonant
series consequently converge to the same threshold.

Huge resonances with widths comparable to or larger than
intermultiplet distance may be missed because they cannot
be distinguished from a polynomial background in a small
interval. A technique to circumvent this is to subtract the nar-
rowest fitted resonances and to repeat the fitting procedure
on the residual spectrum.

3 Results

All the calculations were carried out employing elementary
basis functions with values of orbital angular momentum

 up to 6, obtaining E(11Se) = −2.903 642 673 au for
the energy of the ground state (accurate electrostatic limit
−2.903 724 377 au [18]) in good agreement with the esti-
mated limit for 
max = 6 of −2.903 643 88 au [19]. The
Rydberg constant used for the binary system 4He+ − e− is

R4He+ = M4He+
M4He

Rh = 13.603828(12)eV.

Energy scale is given as the experimental first ionization
potential of helium plus the theoretical excitation energy with
respect to the ground state of He+.

Since parent He+ states are built in a finite size box,
energies of states with different angular momenta differ
by tiny amounts. N = 5 threshold energies range from
−0. 079 999 942 au for 5s level to −0.079 999 999 au for 5g
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level. N = 6 threshold energies range from −0. 055 555 235
au for 6s level to −0. 055 555 553 au for 6h level. An aver-
age over all angular momenta is taken as reference: E5

av =
−0. 079 999 977 au, E6

av = −0. 055 555 410 au. These dis-
crepancies are much smaller than the estimated errors upon
the calculated energies of the two electron states.

3.1 Energy interval between N = 4 and N = 5 thresholds

Many experiments have been devoted to the energy interval
below N = 5 threshold to find total cross section
[20–23], partial cross sections [23–28], total [25] and par-
tial [23,27] dipole asymmetry parameters. In some cases,
resonance parameters have been extracted from experimen-
tal results [21,22]. In the following we will refer mainly to
the measurements by Domke et al. [22] with a photon beam
of 5.4 meV FWHM for the total cross section, to the mea-
surements by Menzel et al. [23] with 12 meV FWHM reso-
lution for the βN and σN , and to the more recent σN mea-
surements by Jiang et al. [28] obtained with a resolution of
6 meV FWHM.

On the theoretical side, a large number of techniques
have been applied. Resonance parameters are generally
determined by means of complex rotation. Here we will refer
to the review by Rost et al. [7] for both doubly excited states
classification schemes and comparison of resonance param-
eters. In the calculation of total and partial cross sections
and asymmetry parameters, R-matrix method has been the
favored one. The reader is particularly referred to the papers
by Schneider et al. [6], by van der Hart and Greene [5], where
a B-spline basis has been adopted, and to references cited
therein.

Resonances. In Fig. 2 our theoretical results are compared
with those by Rost et al. [7]. On the x axis the effective prin-
cipal quantum number n∗ is reported while on the y axis the
reduced width �̄ = �(n∗)3 on a log-scale is reported. There
is an excellent agreement for [211]+, [301]+, [130]− and
[040]− series which all display a regular behavior.

As it is well known, two intruder states formally belong-
ing to two series converging to the higher N = 6 threshold
fall in this energy interval, the [041]+6 state which causes
the modulation of [031]+ series, and the [131]+6 state, which
causes the [121]+ series quenching (see [7] for more details).
Also for these two perturbed series there is still a fairly good
agreement.

The [220]− and [310]− series differ slightly in our and
in Rost treatment. In our calculations the two series come
closer a couple of terms earlier than in Rost results but remain
more separated in width, while those calculated by Rost yield
almost indistinguishable doublets.

An inferior agreement is found in the narrowest [400]−
series. Extremely narrow series are actually more difficult
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Reduced widths of resonance series below N=5 threshold

Effective Principal Quantum Number  n

Fig. 2 Reduced width �̄ versus n∗, the effective principal quantum
number of the nine series in the N = 4–5 interval. Filledcircle with
dots — Rost et al. [7]; opencircle — present results

to be determined numerically and absolute differences are
actually much amplified in a logarithmic scale, so that at the
moment we cannot conclude if these differences are due to a
different representation of system dynamics or rather to the
width determining algorithm.

Cross sections. The agreement of total and partial cross sec-
tions with experimental results is quite satisfactory. In Fig. 3
the total cross section convoluted with a gaussian profile with
FWHM = 5.4 meV is presented. A linear background σbg =
−(E−76.4 eV)0.025 Mb/eV has been subtracted for a ready
comparison with total cross section measurements by Domke
et al. [22]. The agreement among the three reported gauges,
length, velocity and acceleration, is excellent. The tiny dis-
crepancies, less than one part over thousand, are mainly due
to the N = 1 partial cross section. For all other partial cross
sections, the gauge agreement is even better (by an order of
magnitude or so). Thus all other plots report only the velocity
gauge.

In Fig. 4 the total cross section is compared with experi-
mental data by Menzel et al. [23,27] scaled by a factor 1.048.

In Figs. 5, 6, 7 and 8 our theoretical partial cross sec-
tions have been compared with data by Menzel et al. [23,27]
and by Jiang et al. [28]. Data by Jiang are on an arbitrary
scale so a suitable factor has been applied. As in the case
of total cross section, a scaling factor has been applied even
to partial cross sections: 1.062 (n = 1), 0.905 (n = 2),
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Total Cross Section (Mb) below N=5 threshold
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Fig. 3 Total cross section below N = 5 threshold where a linear back-
ground has been eliminated (see text for details)
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Fig. 4 Total cross sections below N = 5 threshold. In the inset
enlargment, the present calculation (continuous line) is compared with
measurements by Menzel et al. (triangle) [27]. Experimental results
have been scaled by a factor 1.048

1.0 (n = 3, 4). It is interesting to observe that almost
identical scaling factors (1.05 for σtot, 1.06 for σ1, 0.915
for σ2, 1.0 for σ3,4) have been applied by the same authors
in their original experimental/theoretical paper [23] in order
to compare the experimental data with the calculated ones.
In reporting the experimental data for σ3,4, an energy shift of
−3 and +2 meV has been applied to Jiang and Menzel data,
respectively. All partial cross sections have been convoluted
with a FWHM = 6 meV gaussian. All experimental and theo-
retical data agree very well. Menzel data have a much smaller
dispersion than those by Jiang, but the energy resolution is

Photon Energy (eV)

Partial Cross Section N=1 (Mb) below N=5 threshold

 0.73
 76.4  76.6 76.5  76.7

 75.8  76  76.2  76.4  76.6

0.74

0.76

 0.78

 0.8

 0.74

 0.75

 0.76

Fig. 5 Partial cross section σ1 below N = 5 threshold. In the inset
enlargement the present calculation (continuous line) is compared with
data by Menzel et al. (triangle) [27]
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0.07
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75.8 76 76.2 76.4 76.6

Photon Energy (eV)

Partial Cross Section N=2 (Mb) below N=5 threshold

Fig. 6 Partial cross section σ2 below N = 5 threshold. The present
calculation (continuous line) is compared with data by Menzel et al.
triangle [27] and by Jiang et al. opencircles [28]

slightly smaller. Very good agreement is found with Jiang
data even for the height of the narrowest peaks.

Asymmetry parameters. In the dipole approximation, the
angular distribution of electrons emitted in the photoioni-
zation of an orientationally averaged system by a linearly
polarized incident light may be described by means of a sin-
gle asymmetry parameter β [29]

dσ

d�
= σ

4π

[
1 + β (3 cos2 θ − 1)/2

]
(4)

where θ is the angle between the momentum of the ejected
electron and the light polarization axis. Expressions like (4)

123



490 Theor Chem Account (2007) 118:485–493

0.006

0.01

0.014

0.018

76.4 76.5 76.6 76.7

Partial Cross Section N=3 (Mb) below N=5 threshold
0.035

0.025

0.015

0.005

76.27675.8 76.4 76.6

Photon Energy (eV)

Fig. 7 Partial cross section σ3 below N = 5 threshold (see Fig. 6)
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Fig. 8 Partial cross section σ4 below N = 5 threshold (see Fig. 6)

hold for partial and total cross sections σN
, σN and σtot with
weighted asymmetry parameters βN :

βN =
∑




σN
βN
/σN , βtot =
∑

N

σNβN/σ

It is well known that the calculation and measurement of
the beta parameters are much more demanding than that of
partial cross sections. In Fig. 9 the βN parameters, convo-
luted with a 12 meV FWHM gaussian, are compared with
experimental data by Menzel et al. [27] and Jiang et al. [28].
There is a good agreement in the resonant features of all
plots. The largest disagreement between the two experiments
(�β2 � 0.1) and between theory and experiment (�β2 �
0.25) is found for β2. The data of Menzel are actually much
more pronounced also in resonant features so that, by chance,
they are reproduced with good approximations by twice our

β4

β3

β2

Nβ
0.65

0.55

0.45

0.35

0.25

75.8 76 76.2 76.4 76.6

Photon Energy (eV)

0.20

0.00

−0.20

0.00

−0.20

−0.40

−0.60

−0.80

Asymmetry parameters            below N=5 threshold 

Fig. 9 Asymmetry parameters below N = 5 threshold (see Fig. 6)

theoretical prediction. The absolute agreement is good in β3

with Jiang data and in β4 with Menzel data (Fig. 10).

4 Energy interval between N = 5 and 6 thresholds

Resonances. Below N = 6 threshold complete multiplets
have 11 resonances each, which should be found in an energy
interval correspondent to �n∗ = 1 (e.g. �E � 45 meV
for n∗ = 8). Considering that among so many resonances,
some terms, mainly in [131]+, [221]+ and [041]+ series,
have widths comparable to the whole span of the corre-
sponding multiplet, it is no surprise that it is quite difficult to
characterize them with the fitting method. It is nevertheless
possible to compare the density of states determined numer-
ically with the same quantity reconstructed from resonance
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Fig. 10 Details of asymmetry parameters below N = 5 threshold (see
Fig. 6)

parameters found in [7]. Even though a rather clear
correspondance can be seen for many peaks, particularly
those belonging to [401]+, [500]−, [311]+ and [320]− series,
the other assignments are more arbitrary. Differences are
numerous and might be due to a bad representation of the
intruder states from higher thresholds.

Cross sections. For cross sections, the agreement with
available data is better than for resonances: here minor peaks
in the theoretical predictions are not found in the experi-
mental picture, but all main features are reasonably repro-
duced. In Figs. 11 and 12 total and partial cross sections
are reported. Partial cross sections σ2, σ3, σ4 and σ5 are
compared with the experimental results by Jiang et al. [28].
The theoretical results are convoluted with 10 meV (σtot) and
6 meV (σN ) FWHM gaussian for a ready comparison with the

0.800

0.802

0.798

0.796

0.794
76.9 77 77.1 77.2 77.3 77.4

Total Cross Section (Mb) below N=6 threshold

Photon Energy (eV)

Fig. 11 Total cross section below N = 6 threshold with a linear back-
ground eliminated

cited experimental literature. In Fig. 11 a linear background
σbg = −(E − 77.1 eV) · .034 Mb/eV has been subtracted to
the total cross section for a clearer comparison with data by
Domke et al. [22]. Experimental σ2,3,4 have been shifted by
15 meV at lower energies for a closer comparison with our
theoretical prediction. The two dominant peaks at 76.9 and
77.05 eV as well as the first four peaks in the group between
77.13 and 77.4 eV show a good correspondence. The last
peaks are instead progressively more shifted to higher ener-
gies with a disagreement in the position of the last cumulative
peak of roughly 15 meV. A problem of energy scale conven-
tion might be the origin of this discrepancy. More accurate
theoretical results will be worth the effort of further investi-
gation on this point, the present agreement being otherwise
coherent with the overall numerical and experimental uncer-
tainties. Experimental σ5 data are available in the energy
window between 77.15 eV and N = 6 threshold. With an
energy shift of 8 meV downward, a remarkable agreement
between several of the higher energy peaks is obtained.

Asymmetry parameters. As far as we know, theoretical
partial cross section asymmetry parameters below N = 6
threshold have not yet been published and their experimen-
tal measurements appeared only in Jiang PhD dissertation
(freely available online [10]). In Fig. 13 our theoretical pre-
dictions are compared with the existing measurements. β
agreement is pretty good and some resonant features are
clearly recognizable. Experimental β2 data lies between 0.41
and 0.51 while our theoretical prediction lies between 0.46
and 0.54 which results in a relatively small average difference
of 0.04. A clear correspondence between peak at 77.0 eV, val-
ley at 77.08 eV and peak at 77.15 eV can be seen. Experimen-
tal and theoretical β3 differ on average by ∼ 0.1 units, and
there are still correspondences analogous to those observed
in β2. It should be noted that modulations in theoretical and
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Fig. 12 Total and partial cross sections below N = 6 threshold. Com-
parison is made with experimental results (opencircles) by Jiang et al.
[28] where available

experimental quantity are of comparable amplitude. In β4 a
difference of ∼ 0.15 units between theory and experiment
is found. A steep peak at ∼ 77.08 eV is the most remark-
able feature common to both experimental and theoretical
data. Other correspondences are difficult to ascertain. For β5

there are no experimental data at all. By the preceding com-
parisons it is safe to say that the present prediction of β5

β 2

Asymmetry Parameters below N=6 threshold

78.9 77 77.1 77.2 77.477.3
Photon Energy (eV)

0.42

0.46

0.50

0.54

0.05

−0.05

−0.15

−0.20

−0.80

−0.60

−0.40

−0.20

0.00

−0.60

−0.40

β

β

β 3

4

5

Fig. 13 Partial cross section asymmetry parameters βN below N = 6
threshold. Experimental data opencircles are taken from Jiang PhD
dissertation

should reproduce the most prominent features of a possible
experiment.

5 Conclusions

The K-matrix method using splines as elementary basis func-
tions has been performed to calculate the photoionization
spectrum of He in the energy intervals between N = 4 and
5 and between N = 5 and 6 ionization thresholds.

Below N = 5 threshold, the method, as it stands, yields
accurate resonance parameters, partial cross sections σN and
asymmetry parameters βN , while in the second interval the
determination of the resonance parameters shows some inad-
equacy. σN nevertheless appear to be pretty good and com-
pare well with the available theoretical and experimental
data. Also the βN ’s, which, as far as we know, have been
computed for the first time, compare favorably with some
very recent preliminary experimental results kindly supplied
to us by Jiang and still unpublished.
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